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Abstract— In this paper, a list decoding algorithm for low-
density parity-check (LDPC) codes is presented. The algorithm
uses a maodification of the simple Gallager bit-flipping
algorithm to generate a sequence of candidate codewords
iteratively one at a time using a set of test error patterns based
on the reliability information of the received symbols. It is
particularly efficient for short block L DPC codes, both regular
and irregular. Computer simulation results are used to
compare the performance of the proposed algorithm with other
known decoding algorithms for LDPC codes, with the result
that the presented algorithm offers excellent performances.
Performances comparable to those obtained with iterative
decoding based on belief propagation can be achieved at a
much smaller complexity.

|. INTRODUCTION

Low-density parity-check (LDPC) codes, originaly
invented by Gallager in 1962 [1], forgotten for decades,
rediscovered by many [2, 3], and their performances have
been the subject of much recent experimentation and
analysis. The interest in these codes stems from their near
Shannon limit performance, their simple descriptions and
implementations, and their amenability to rigorous
theoretical anaysis. LDPC codes have become strong
competitors to turbo codes [4 — 7] for error control in many
communication and digital storage systems where high
reliability is required.

LDPC codes can be decoded using various decoding
methods, ranging from low to high complexity and from
reasonably good to very good performances. These
decoding methods include: One-step majority-logic (MLG)
decoding [8], Gallager's bit flipping (BF) decoding [1],
weighted MLG decoding (WMLG) [9], weighted BF
decoding (WBF) [10], Bootstrap decoding (BD) [11],
Modified WBF (MWBF) [12] the algorithm proposed in
[213] which we call improved weighted bit flipping (IWBF),
the algorithms in [24], a posteriori probability (APP)
decoding [1], and iterative decoding based on belief
propagation (IDBP) (commonly known as sum-product
algorithm (SPA)) [14 -16]. IDBP offers the best
performance, but has the largest complexity. Each decoding
iteration requires many real number addition, subtraction,
multiplication, division, exponentid and logarithm
operations. Some approximations of IDBP can be used
which can reduce the complexity with small loss in
performance. In [17], a reduced complexity IDBP has been
proposed for LDPC codes and is referred to as uniformly
most powerful (UMP) BP-based agorithm. Unfortunately,
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the UMP BP-based algorithm does not work well for codes
with check sums of larger weight. A normalized IDBP
algorithm, which can improve the UMP BP-based a gorithm
by normalization, is proposed in [18]. However, this
agorithm also requires real division operations.

The above decoding methods provide a wide range of
trade-offs among decoding complexity, decoding speed, and
error performance. MLG and BF decoding belong to hard-
decision decoding methods. APP and IDBP/SPA decoding
are soft-decision schemes. They require extensive decoding
computation but they provide the best error performance.
WMLG, WBF, and IWBF decoding are “between” hard-
and soft-decision decoding methods. They improve the error
performance of the MLG and BF decoding with some
additional computational complexity, and offer a good
trade-off between error performance and decoding
complexity. In particular, simulation results on finite
geometry LDPC codes in [12] show that, with IWBF,
performances less than 1 dB away from IDBP can be
achieved.

In this paper, a new decoding algorithm for LDPC codes
is presented. The algorithm is similar to the decoding
strategies presented in [20 — 22]. It is based on the
observation that, at high signa-to-noise ratio (SNR), the
most likely codeword is located, with a very high
probability, in a sphere around the received vector.
Therefore, the idea is to generate a list of codewords
containing the closest codewords to the received vector. In
essence, error patterns are formed based on the received
vector. Test sequences are then created by adding the errors
patterns to the hard decision sequence of the received vector
(using modulo-2 addition). Each test sequence is then
decoded using a modification of the smple Gallager BF
agorithm [1] as a hard-decision (HD) decoder to produce, if
possible, a candidate codeword. When a candidate codeword
is generated, it is tested based on an optimality condition. If
it satisfies the optimality condition, then it is the most likely
(ML) codeword and decoding stops. If it fails the optimality
test, a new candidate is generated. The process continues
until either the ML codeword is found or a stopping
criterion is met. The complexity of the proposed algorithm
is probabilistic and depends on the property of the received
sequence. It generates a larger set of candidates when a
noisy sequence is received and a smaller set of candidates
when a clean sequence is received.

The remainder of the paper is organized as follows: In the
next section, notations, definitions, and the proposed
algorithm is presented. In Section Ill, we evauate the
complexity of the algorithm. Some simulation results are
provided in Section 1V to illustrate the performance of the



proposed agorithm and, finally, conclusions are drawn in
Section V.

I1. THE DECODING ALGORITHM
A. Preliminaries

Let C be abinary block code of length n, dimension k
and minimum distance d. Suppose C is used for error
control over a binary-input additive white Gaussian noise
(BIAWGN) channel using binary phase-shift-keying
(BPSK) signaling with unit energy. Let c=(c,,G,...,C,,)
be the transmitted codeword. For BPSK transmission, cis
mapped into a bipolar sequence X =(X,, X;...,X, ;) by
x=S(c), where S isafunction defined as

-1 ifc =0
S(C')_{ﬂ ifg=1" @

Let y=(Y.¥.--»Y,,) be the soft-decision received
sequence at the output of the receiver matched filter. For
0<i<n-1, y,=x+n where nis a Gaussian random
varisble with zero mean and variance N, /2. An initial
binary hard decison of the received sequence,

y' = (¥ W' yil ), is determined asfollows

1 ify=>0
= : . 2
Y {O, if y,<0 &)

We define a reliability vector a« of length n. The
components ¢; of a are defined as the bit-log-likelihood
ratio

P(c =1|y

o ein G =) &)

P(c=0ly)
o |, iscalled the reliability of the
For the AWGN channel, a simple

measure of the reliability,

The absolute value of ¢, ,

initial decision y' .

o

, of areceived symbol y; isits
magnitude,

Y| . The larger the magnitude |y;| is, the larger
the reliability of the hard-decision digit y* is. It is known
that the maximal-likelihood decoder selects c, as an
estimate if S(c,,)-a@>S(c,)-a for al m=m [19]. The
objective becomes to find a codeword maximizing the dot
product S(c,,)-a .
Define the following index sets
Dy(c)2{ilg =y, 0<i<n-1}, (4
D,(c)&{ilg =y, 0<i<n-1}
={0,1...,n-1}\ D, (c).
Let m(c)=|D; (c)

number of D. For convenience, we assume that the
components of al vectors are numbered in the order of

increasing reliability, so that if i<j, |o|<|ey|. Itis
shown in[20, 21] that if acodeword ¢ satisfies

d-m(c)
, (6)

I(y,c)< z(;

®

, where |D| denotes the cardinal

(2%

Dy (c)

then there is no codeword which is more likely than c. In
(6), I(y,c) isdefined by

I(y.c)= Dz(‘c)‘ai , )

and is called the correlation discrepancy of ¢ . Equation (6)
isreferred to as optimality test criterion (OTC).

B. Algorithm

A binary LDPC code is completely described by its sparse
binary parity-check matrix H . For an (n,k) LDPC code,

H has n columns and m>n-k rows. For a regular
LDPC code, H has a constant column weight y and a
constant row weight p, where p and y ae small
compared with the code length. A LDPC code is said to be
irregular if its parity-check matrix H has varying column
weights and varying row weights. Suppose a binary (n,k)
LDPC code is used for error control over a BIAWGN
channel using BPSK signaling.

Let € =(e,&"”,...,e" ) be abinary vector of length

n. The set of vectors {e(’)}, r=012,..., containsall the
binary combinations in the least reliable positions of the
received vector Y . Since the components of the vectors are

numbered in the order of increasing reiability,
n-1

Ze}"Zj =r, (8)

j=0
where r is the value of the binary vector € in its normal
representation form. The algorithm decodes y" @€ inthe
order r =0,1,2,..., where @ denotes a modulo-2 addition.
The decoding stops when: (1) a codeword satisfying the
OTC isfound; (2) no better codeword can be generated; (3)
a predefined maximum number of candidate codewords,
N, . hasbeen generated.

To reduce the complexity of the algorithm, asimple test is
performed before decoding of each test sequence to prevent
the HD decoding to result in a codeword that has aready
been generated. If the test fails, the test sequence is not

decoded. Furthermore, the sequence {e“)}, r=012,..., is
generated by two functions f, and f, which transfer € to
™ asfollows

0, <A
f1 (e(r)):e(rﬂ)‘q(rﬂ) =11 i :/11 , (9)

q(r)’ i >31

0, i<,
f2 (e(r)):e(wl)’q(wl) =11 i = 22 (10)

q(r), i >22

where,

A =min(i|§” =0,0<i<n-1), (1)
A, =min(i|¢” =0and ") =1,0<i <n-1). (12)

Note that f, is a simple binary counting function. The
function f,, introduced in [22], avoids trials by which the

decoding never outputs a codeword maximizing the
likelihood function.



For each e, define a vector

& = (&0,8",....87), (13)
such that
q(r), i<
80 =11 u<i<u+s, (14)
0, iz2u+d
where
p=max(i|g” =1,0<i<n-1) (15)
for r21 and =0 for r =0. Then we define A, by
A, = max S(x")-a. (16)

The steps of the algorithm are described in detail below,
where w, (a) denotesthe Hamming weight of a and ¢ the
estimation of the transmitted codeword, respectively.

e Step 1. Initidization: Set the number of decoded
codewords N_,=0. Calculate y". Set r=0,
A, =—o, and the list containing the decoded
codewordsto Q=0 .

e Step 22 Compute z7=y"@e".
S(y" @&”)-a. 1f A, <S(y"@®&”)-a, then
continue to Step 3), otherwise go to Step 9).

e Step 3: Check the Hamming distances between
Z" and all the codewords already generated. If all
the Hamming distances are greater than ¢, then
continue to Step 4). Otherwise set
e = f,(e"), and goto Step 2).

e Step 4: Find the number of unsatisfied parity-
check sums for each bit, denoted p, 0<i<n.
Findtheset B of bitsfor which p, isthelargest.

e Step 5: Flip the bits of Z” belonging to the set
B. Let v be the resulting vector. If v is a
codeword (i.e. if v(7-H™ =0), continue to Step
6). Otherwise, set €™ = f, (&) and go to Step
2).

e Step 6 Q< QUV"”, N, « N +1. Compute
A, . If A, >A,_,, continue to Step 7). Otherwise
go to Step 8).

e Step 7: =V, If v satisfied the OTC (i.e.
equation (6)), go to Step 10), otherwise continue to

Step 8).
e Step 8 If N,=N._, goto Step 10). Otherwise

Compute

set € = f,(e”) and go to Step 2).

o Step 9 If w, (e”)=1, go to Step 10). Otherwise
st € =1, (e(’)) and go to Step 2).

e Step 10: Stop the decoding. An estimate of the

codeword is € .

Thetest in Step 3) isto prevent the HD decoding in Steps
4) and 5) to result in a codeword that has aready been
generated. The parameter § here is a design parameter

which should be chosen to optimize the error performance
while minimizing the decoding delay and complexity. It is
an indication of the error correcting capability of the code
using aHD decoder. It is, unfortunately, difficult to quantify
the optimum value of 6. This value depends on the code
parameters and can be determined through simulation. Once
o isfound, d issetto 20 +1.

I11.  COMPUTATIONAL COMPLEXITY

The computational complexity of the proposed agorithm
depends on the number of e’s generated and the number
of times one applies hard-decision decoding during the
decoding of y. Denote the number of times to apply hard-
decision decoding as N, , the number of €’s generated
during the decoding of y as N,, and their averages as

N,, and N, respectively. It is important to note that, for

each r, the HD decoding is applied only when the tests in
Steps 2) and 3) are satisfied. The complexity of these steps

is O(n). All the operations involved in the HD decoding
are associated with modulo-2 arithmetic and comparisons.
The complexity of the HD decoding can be estimated as
O(n). Before decoding y , we must calculate the reliability
vector ¢ and permute components of vectors in order of
increasing reliability. The complexity of doing this is
O(nlogn). Thusthetotal complexity to decode y is

(Ngo +N,)O(n)+0O(nlogn), (17)
and the average complexity is
(Nyp + N, )O(n)+O(nlogn). (18)

For a particular code, N,, and N, can be evaluated
through computer simulations.

IV. SIMULATION RESULTS

The error performance, in terms of bit-error rate (BER)
and frame-error rate (FER) as a function of the normalized
signal-to-noise ratio (SNR) per information bit, of the
algorithm presented in Section Il is compared with some
existing algorithms on a number of short LDPC codes.
However, the results are only presented for one LDPC code.
The code is an irregular LDPC code of length n=64,
dimenson k=44, and code-node degree distribution
A(X) = 0.621814x+0.270771x% + 0.107415x*. The rate of

the code is 0.6875. The code is constructed using the
progressive edge growth (PEG) algorithm [23]. The PEG
construction creates matrices with very large girth and, to
the best of our knowledge, yields the best binary LDPC
codes at short block length. The following agorithms are
simulated: WBF, MWBF, IWBF, IDBP, and the agorithm
proposed herein. The maximum number of iterations is set
equal to 100 for IDBP, and 20 for the other algorithms. For
the proposed algorithm the value of the parameter § is 2.
At each SNR value, at least 5000 codewords errors are
detected.

The BER and FER performances of the code are depicted
in Figs. 1 and 2 respectively for different values of N . It

can be observed that, for the code simulated, no significant
improvement in performance is achieved for values of N



greater than 8. In Fig. 3 the average number of codewords
generated during the decoding process using the proposed
agorithm is shown for different values of N. . It can be

observed that at medium to high SNR, the average number
of codewords generated is independent of thevalueof N_ .

Fig. 4 shows the average complexity of the algorithm in
terms of the average number of times the HD decoding is
used and the number of error patterns generated during the
decoding as a function of the SNR. It can be observed that
the decoding complexity required by the algorithm depends
on the property of the received sequence. These results show
that the algorithm generates a larger set of candidates when
anoisy sequence is received and a smaller set of candidates
when a clean sequence is received. In Figs. 5 and 6, the
performance of the proposed algorithm (with N, = 8) is

compared with the other decoding algorithms. It can be
observed that performances similar to those obtained with
IDBP can be achieved. It is important to note that the
complexity of the proposed algorithm is much less than that
of IDBP.

V. CONCLUSION

In this paper, a new decoding algorithm for LDPC codes
is presented. The algorithm generates a list of codewords
containing the closest codewords to the received vector by
decoding test sequences using a modification of the Gallager
BF algorithm. Simulation results show that, performances
comparable to those obtained using iterative decoding based
on belief propagation can be achieved at a much smaller
complexity.
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