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fountain codes namely it's ability to generate afinite
Abstract— In this paper we review the concept of a amount of encoded packets from the original source.
fountain code and explore its possible applicatiorin One of the first coding schemes chosen to creagitadi
standards like GSM. Our main focus is on the decodg fountains is Reed-Solomon (RS) codes [5]. The red®
of Tornado codes (predecessor of fountain codes) incodes were considered is the fact that the origimedsage
typical mobile wireless channels encountered in GSM can be constructed frolnRS symbols. Wherk represents
and WiMax standards. Channel conditions considered the original message size (in packets) anepresents the

include AWGN and flat fading. The application of
fountain codes in GSM is appealing due to the graph
structure of these codes and the coding configuran in
current GSM standards.

Index Terms—Fountain codes, Tornado, LT, Raptor,
belief propagation, factor graph, GSM.

I. INTRODUCTION
igital fountain codes use the concept of a sparapty

Dat their
introduced by R.G. Gallager in [1,2] in the ear®60’'s and
is known as LDPC (Low-Density Parity-Check) codes.

One of the code families derived from the sparssslr
concept was digital fountain codes. Digital fountabdes
are designed for a binary erasure channel, in weath
codeword symbol is lost with a fixed constant piwlig p
in transit independent of all the other symbols ¢aample
is the internet).

The digital fountain concept [3] started as a dat@usel
(broadcast disk) [4]. In this approach the sourcep$
through all transmission packets continuously; geeivers
may log onto this stream at any time and downlaackets
until they have received the entire message. A catausel

can be seen as an imperfect approximation of aal id

solution, which one can call a digital fountain. eT
difference between a data carousel and a digitedtéon is
that a digital fountain can reconstruct the mes$ame any
subset of encoding packets equal in length to tiginal

message (note that the packets are encoded usireyssut
of FEC), while the decoding properties of a dateesel is
not as strict (the packets used does not have amysubset
or a specific length). A digital fountain can bengared to

a running tap. When you fill your cup you do notreca
which droplets land in the cup, but only that yeguire

enough water to quench your thirst. The above nhetap
also highlights another important property of digit
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core. The first sparse-graph code w

code size (in packets).

The two main drawbacks of RS codes are the limited
amount of distinct decoding symbols and the quadrat
decoding algorithm used by it [3,6].

The next coding scheme proposed to approximate a
digital fountain is a sparse-graph erasure codéedal
Tornado codes [7,8]. This sparse property of Toonamtles
solved the quadratic time problem of RS codes (made
linear). This does come with a price; the receivease to
receive a little bit more thak packets to correctly decode
the original message. Take note that a Tornado isodet

true fountain code (rather a predecessor), duketdact
that it can not produce an unlimited supply of weigode
bits.

The next logical evolution was to develop a ratelesde
which is a true fountain code. LT (Luby Transforocodes
were the first rateless codes and were discoveyediby
[9]. LT codes have a similar graph structure tonbao
codes, though its graph is not predefined givingdotes
their rateless property. To make this structuresiptes each
encoded symbol must store a list of its neighbarseal
time, which can be accomplished in practice if tbeeiver
and transmitter share the same random seed anéedegr
distribution. They can agree on this before trasssian
begins. The underlying degree distribution is ayver

é'mportant design choice and the robust solitonrithistion
h Is @ popular choice [9,10]. Using this degree thation

leads to encoding symbols with average degDgmk) .
Encoding symbols with average degré¥lnk) leads to

codes that can encode in time proportionalln& and
decode in time proportional tkink[9]. These codes also
require that the receiver receive a little morentkgackets
before accurate decoding can be accomplished. ailelét
comparison of the implementation of RS, Tornado kAfd
codes as digital fountains can be found in [3,10].

The only improvement on LT codes is to lower the
average degree to a constant which would lead ¢oditeg
in time proportional toO(k). Raptor codes [11,12,13]
accomplish just this by using pre-coding. An averag
degree distribution ofO(Ink) is required to cover each

message node with high probability. To remove this

0720204679 ekmairestriction we can pre-code a message using aorerasde

like Tornado. If we treat the encoded messhfjeas the



message we do not need to recover every packbt @i can be constructed from a family of graplsg,...,B

order to recoveM (original message), but instead just a . i i1y righ Th
constant fraction of the packets Mf. This reduces the where B, has fk left nodes and/™™k right nodes. The

decoding time complexity t®(k) . Some research on usingvariable m is chosen thatg™% is roughly vk . The
digital fountain codes on non-erasure channelslane in cascade ends with an erasure correcting codef rate
[13]. 1-Bwith  B™k  message bits. The code

The main aim of the paper is to kick off researcfb(B B, B, ,C) hask message bits and
exploring the use of fountain codes in standarkis GSM. 0’ "';T:ﬂm’

The best place to start is to investigate the decgpaof Zﬂik+ﬂm+2k/(l_ﬂ) =KkB(1- f)

m ’

@)

Tornado codes on non-erasure channels like AWGN wit
flat fading added (corruption, not erasure channihjs is i )
done due to the fact that the decoding of Tornamies can Check bits formed by using(B,) to producefk for thek
easily be extended to other fountain codes (hamisgnilar message bits, using(B;) to form £'**k check bits for the
graph structure). The next section introduces tgck of i . _ And finall .
Tornado code structure and design (for an erafwenel). Bk bits produc?d byC(B;_;) - And finally u§|ngC to
Section 1l explains how a Tornado code can be dedmn produce an additionaks™?/(1- §) check bits for the
an AWGN channel using iterat_ive b(_elief pr(_)pagatiwhe S™K bits output byC(B,,). As C(By, B,....,B,,,C) has
results of this approach are given in section I\d ame
followed by a discussion of these results. Befohe t
conclusion a short theoretical description of hountain 1-23-

i=1

k message bits ankj3/(1- ) check hits, it is a code of rate

codes could be used in GSM is presented. The decoding of a complete Tornado code on an eFasu
channel is done as follows. The conventional eeasode
II. TORNADO CODES recovers all the missing left and right check nodgshe

last layer, making all the check bits G{B,,) known. This

A Basuc_structure _ can now be used to correct the erasures in thetsngiu
The basic structure of a Tornado code consistayeiféd (B ). This continues upwards until the original
bipartite graphs. Each bipartite graphs associated with a

code C(B) with k message bits angsk redundant bits

(check bits), whereD< B<1. Each graptB thus consists B Degree sequences

of k left nodes angk right nodes. An edge is a line that connects any two nodes,fam

the left with one on the right. One refers to edtyes are
adjacent to a node of degrieen the left (or right) as edges
of degred on the left (or right), where the degree of a node
is determined by the amount of edges connected Eath

The decoding of a layer on an erasure channel ?é the degree sequences is specified by a pairediors

accomplished by substituting the correctly receibitslinto 11 -++Am) @nd (py,...on), where Ais the initial
the graph structure and then solving the unknows bifraction of edges on the left of degiieend p; is the initial

iteratively. This procedure only works if enoughisbare fraction of edges on the right of degripeNote that the
received correctly. The above is explained in naeil in graphs are specified in terms of fractions of edgesl not
[71. nodes, of each degree. The sequericegive rise to a

Now that a single bipartite graph was introducedai . . _ i1
be cascaded to form a Tornado code. One first @@&s to generating polynomialsi(x) _Zi A" . The average left

produce gk check bits for the origindd message bits. One degree of the graph is thus equal to

message bits can be recovered.

The encoding ofC(B) is accomplished by setting each
check bit equal to the XOR of its neighboring messhits.
For the layered graph the above procedure is coadirior
each layer. The codes used are systematic andespars

then uses a similar code to prodygé check bits for the a, = [Z-/]i /i]‘l 2
N |

P check bits ofC(B), and so on. The last level of a If E is the number of edges in the graph, then the eumb
Tornado code may use a conventional erasure cOTgect of eft nodes of degreieis

code like RS (Reed-Solomon) [5]. Implementing Talma EA /i 3)

codes on non-erasure channels using belief propagat;ng hence the number of left nodes is

prohibits this approach. EZ A 4)
For this article the last layer consists of a spleted i

bipartite graph specializing in maximizing err(_)r_:weering The above can be repeated for the right side naaes,
of left as well as right hand side nodes for a Higeayer. long asE remains constant [7].
The other layers are only designed to maximizererro . an effective erasure correcting code the degree

recovery of left hand nodes. Th_e reason being th_asse sequences have to satisfy the following theoremn 2]
layers assume that the conventional error corrgatiode Let k be an integer and suppose that

has performed all the necessary corrections of |éite C=C(B,,...,B,,,C) is a cascade of bipartite graphs as
nodes, at the second last layer. i ";] . . H h left
The Tornado graph structure can now be formallf¥Plained in the previous section, wheg hask le

defined as follow [7]. A family of code€(B,),...,C(B,,)  hodes. Suppose that eaghis chosen at random with edge



degrees specified byl(x) and p(x), such thatA(x)has For this grapd=@1-1/D)and is defined by equation
A, =1, =0, and suppos@ is such that (5).
p-3DA(X) >1-x (5) The last layer is designed using a different teghaithan
the other layers [7]. The edge distribution on léfeis now

for x0O(01]. Then, if at most ag¢ -fraction of the a double heavy tail. In other wordgx) :/T(XZ), where A
coordinates of an encoded word i@ are erased iS the edge distribution function of the heavy tail
independently at random, the erasure decodingigigoof  distribution. The right edge distribution is calatdd using
the previous section terminates successfully withbility ~ linear programming (simplex method). Knowinig(x) and
1-0(k~%4), and does so ID(k) Steps. d (choosing it at least equal t6=4(1-1/D)) one can
calculate p(x) . The objective is to findo,,;mOM , where

. . . M is a fixed set of positive integers and has a ciz least
The Tornado code consists of multiple layers oftipe P g

graphs. All of the intermediate layers are desigosihg N Let x; _1/Nfo.r|._ ]_’2""N' The simplex method can
the heavy tail distribution for the left nodes (dissed NOW be used to minimize
below). The last layer is designed using the dotigiavy Zi (PL=(x)) +x =) ©)
tail distribution for the left nodes (discussedouél. This is
done due to the fact that the double heavy taitibigion is  subject to p, >0, p@-d(x))>1-X%, zi p; =1 and
more effective than the heavy tail distribution whe o .
correcting erasures on the right and left nodesthef zk/]k /kZZi pi 11 (if the amount of left and right hand
bipartite graph, according to [7].The code in théstion is nodes are equal). This solution is only feasible if
designed to satisfy condition (5). PA-A(x))>1-xfor all xO(01].

An intermediate layer is designed in the following )
manner as discussed in [7]. L&t be an intermediate D. Anexampledesign
bipartite graph withk left nodes andgk right nodes. The  The first step in designing a Tornado code is shnp

left degree sequence is described by the followingcated the dimensions of the code, and the amount of sayei(n,

. L D . k) = (80,40) code with 2 layers is considered hArhough
heavy tail distribution. Let H(D)=Z:11/' be the 5 typical Tornado code is at least 10000 bits lotg

truncated harmonic sum truncated @t where D is an €xample considered here is sufficient to highligHtaw i_n
integer used to trade off the average degree vath\well  Tornado codes when used on an AWGN channel with fla

the decoding process works. The fraction of edfeegree fading added. The first layer will consist of thealy tail
i=2,...,D+1on the left is given by distribution as described in the previous sectidihh ® = 3
A =1/(H(D)(i -1)) (6) and B=05. The first layer will thus consist of 40 right

From equation (2) and (6) it can be shown tlat nodes and 20 left nodes. From section II-C one lkenihat
: the first layer consists of the union between twaphs B,

C. Designing a Tornado code for the erasure channel

H(D)(D +1)/D. The average right degrea needs to
satisfy a, / 8. The right degree sequence is defined by tri@d B, The nodes on the right needs to be divided into
Poisson distribution with meaa, : for all i =1 the fraction two unique sets. One first needs to calculate
of edges of degreieon the right equals y=pID?=1/18. NowB,will use |(5-)k|=17 and
e 9qgil (7)  Bywill use 3 nodes on the right. Both graphs will afieof
b= (i-1)! the left hand nodes.
First B, is designed and theB, is added to fornB. The
where ¢ is chosen such that the average degree on the ri%ynomials&(x) and p(x) of B, is designed by using the

is equal toa, . In other wordsga satisfies values calculated in Table | and can be found ibl&#.
ae? /(e” -1) = a, (8) Note from Table | that a neyg is used to calculate the

average right degree. With(x) , and equation (3) the
This approach however does not work due to thetfeadt gerg g (09, A() . d L (3)
there are nodes of degree two on the left. To oveecthis degrees of ggch node can be determined. Sincae@m{a)
problem one can make a small change in the steigtir 408 not divide the edges @, perfectly, seven edges
the graphB. Let y=8/D?2. One can split thesk right remain (only 92 edges are used). The remainingsedge

. - . . n LT mpl ,onen .
nodes ofB into two distinct sets, the first set consistirfg oOIO ated toB, . To completeB, one needs to adg, to B,

(B - y)k nodes and the second set consistingkofnodes. This is easily accomplished by adding three edgesath

The graphB is then formed by taking the union of the twoCft node and assigning these edges (includingsdwen

graphsB; and B,. B, is formed between thieleft nodes don.ated ontgs) r:ndorpIyTtobtlhe“tlhree nodess,ofOne such
and (B - y)k right nodes as described aboBg.is formed assignment Is shown In Tabie Tl
between thek left nodes and the second set j&f right TABLE |

nodes, where each of tikeeft nodes has degree three and VALUES NEEDED FOR THE DESIGN OB,

; Unknown Value Equation
the J edges are connected randomly to jheight nodes.
g yto Jheig Eg 99 (4) — rounded to




largest integer || E=78
0.425 17/40
Boew TABLE V
a, 2.444 2) COMPLETE DESIGN OF THE SECOND LAYER
a, 55 a, =8,/ By Left Nodes Right Nodes
. Degree Amount Degree Amount
a 5.477 (8) 3 13 1 5
o 0.333 d=p3@1-1/D) s 5 3 1
7 2 5 14
TABLE Il
DEGREE DISTRIBUTION POLYNOMIALS FORB;
Unknown Equation
A9 ®) ol
A(X) = 0.5455 + 027277 +0.1818C Al
P(X) ()
() = 0.0042+ 0.0229% + 0.0627x? + 0.1145¢% + 0.1568x* + 0.171&°
+0.1568° + 0.1227” + 0.084x° A P R SR
EBLW =92 EBZ =127 Fig. 1. A random (80, 40) Tornado code
E =219

Ill. DECODING USING BELIEFPROPOGATION

TABLE Ill Since a Tornado graph can be represented as a facto

COMPLETE DESIGN OF THE FIRST LAYER graph, in theory it should be possible to impleniterative

D Left Node: D Right NOdiS n belief propagation on such a code. Tornado codasbea
egree S mount > egree 1 moun represented as a factor graph by inserting theemictheck
2 6 nodes into Fig. 1. In a factor graph the messagesbe
g ?, j é passed as LLR’s (log likelihood ratios), which efided as
5 3 = +l
6 3 A(Myp) = In{p(L—l)} (10)
- 5 p(m,, =-1)
g i wherem, , is the message passed from the a-layer to the b-
layer.
35 1 (B2) .
16 2 (B2) A factor graph usually consists of two types of esyd

variable nodes and check nodes. A variable nodallysu

: . N [ i i [ h I
The last layer of the graph is designed by usingd represents a received bit and is assigned a chamme

programming. It consists of the 20 parity bits loé tfirst defined as: (11)
layer on the left and 20 parity bits on the righdsumingD A(m) = ia r
is also equal to three for the last layer and thaemains NG T

the same as the previous layer one can calculte and where r, is the soft value of the™ received bitg,, is the

P as shown in Taple _lV' WIthi () a.nd gquatlon (4_) average fading amplitude of, and is the single-sided
one can calculatg, which is equal to 78 in this case. With _ . .
noise power spectral density.

E, 4(x). p(x) and equation (3) one can construct Table A check node forces all the variable nodes condecté

V. The reason for a node of degree 3 on the rigithat two 5 pe even. Each of these types of nodes is updetied
edges remained after dividing the edges on the.rigiese  gifferent formulas. The input LLR’s of a variablede are
two edges were assigned to a random node of degee\  symmed together to produce the output branch LLR

random (80, 40) Tornado code is shown in Fig. 1. (including channel LLR), and is described as:
TABLE IV A(mg) =D Am) +A(m,) 12)
DEGREE DISTRIBUTION POLYNOMIALS FOR SECOND LAYER iZo
Unknown Equation For a check node
AG) A0 =2(<%)
_ 1 A(m) 13
A(X) = 05455¢ +0.2727%"* +0.1818¢ Amp) = 2[Hanh “:! tank( 2 (13)
P(X) ‘ Linear Programming
o(x) =0.079+0.992x*




is used. To update a node each branch of a nodks tee Fig. 3. BER curve for the (40,20) code

be updated with the above formulas. All branches al
usually set to zero for the first iteration.

The order in which one updates the nodes can |
chosen uniquely for each factor graph. Standard @DP
iterative belief propagation involves updating the
variable nodes first and then the check nodes. Take
that some sequences may lead to bad decoding. Af
such a sequence has been completed, one can stoy
continue with another cycle. Usually a sequence

BER

IEE’ decoding of & layerd (60 20) code on an AWGEN channel with flat Fading added
10

repeated until a codeword (all the checks arefiat)sor
a certain predetermined amount of cycles are reache

Decoding of a variable node is done by calculathegy
intermediate value

A(m,) =3 A(m) +A(m,) (4

—— Theoretical uncoded QPSK, AWGHN
Thearetical uncoded QPSK, Fading
IBP of (50,20),-100dB & 100Hz
-5 IBP of (50,20),-100dE @ 33Hz
—&— |BP of (50,20), 2dB @ 100Hz
—= |BP of (50,20), 9dB @ 33Hz
N IBP of {50,20), AWGH alone
I
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|
and performing hard decisions on the value. A simil Fig. 4. BER curve for the layerd (60,20) code

algorithm is discussed in [15].

IV. RESULTS

V. INTERPRETING THE RESULTS
The pure (80,40) Tornado code of section II-D penf®

Three codes were tested on an AWGN channel with flaery bad on an AWGN channel with flat fading. Thaim

fading and the resulting BER graphs are shown heldwe
details of the different codes can be found inised¥. The

reason for such bad performance can be attribuetthe
addition of B, to B, to create the first layer of the Tornado

channel was constructed as in [id QPSK was used ascoge. Because the edges introduced are assigned to

modulation technique. For fading Rician factors100dB
and 9 dB were used and Doppler frequencies of 1G0tdz
33Hz. All of the codes were decoded using 10 itenat of
standard LDPC iterative belief propagation, asuised in
section III.

IEIDFl decoding of & pure (30,400 Tornado code on an AWGN channel with flat Fading
10

-4

107 — Thearetical uncaded QPSK, AWGH
Theoretical uncoded QpSk, Fading

IBP of (80,40 Tomado, -1004E @ 100Hz
10® IBP of (80,40 Tomado, -1004B @ 33Hz
—&— |BP of (80 ,40) Tomado, SdE @ 100Hz
—- |BF of (30,400 Tormado, 9d5 & 33Hz

| —& 1B of (80,400 Tornado, AWGN only

5 0 5
Eb/Mo

Fig. 2. BER curve of the pure Tornado (80,40)

1BP of a (40,20) code on an AYWGM channel with flat Fading added

4 H H
—— Theoretical uncoded QPSK, AWVWGH
Tehoretical uncoded QPSK, Fading
IBF of {40,20), -100dB @ 100Hz
10t IBP of (40,20), -100dB @ 33Hz
—&— |BP of (40,20), SdE @ 100Hz
—= |BP of (40,20, 5dB i@ 33H=
o | =2 |BP of (40,20), AWGN only
-5 ] 5 10 15
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only a handful of the right hand side nodes, afgiarallel
branches are created. These two cycle loops ayebaerfor
belief propagation and causes the bad BER curvésya?.
This is however only one of the possible explamegtifor
this codes bad performance, which can include ddators
like four-cycle loops and bad distribution. Whenlyothe
second layer of the pure Tornado (80,40) codeesd asnew
(40,20) code is created. This (40,20) code perfoamst
better since the two cycle loops of the first laygrnot
present. One can also construct a (60,20) codesing uhe
last layer of a pure (80,40) Tornado code for hatkers of
a new code. This code performs worse than theesilager
(40,20) code. This can be attributed to a flaw e t
structure of a Tornado bipartite graph. To obt&ie same
E, / N, for different codes a certain amount of noise must

be added for each code, which is dependent on dtle c
rate. For a (40,20) and a (60,20) code to havestme
E,/Ngvalue one needs to add 1.5 times more noise to

each bit of the (60,20) code than for the (40,2@)ec Now
the only effect of the second layer on the firgelais that
the 20 edges going into the xor’s of the first tagee more
accurate. These accurate values however can not
compensate for the extra amount of noise carriedhby
message bits. The 20 edges are only a small anobuhé
information exchanged in the first layer. In otheords
most of the information used by belief propagation
decoding of the first layer is produced by thetfleser (not
including the 20 edges from the second layer). An&ido
code is thus a code consisting of multiple layeesh layer
can decode effectively by itself, but the amount of
information distributed between layers is so sntidit it
has a minimal affect.

Another thing to note is that the (40,20) and (69,2
codes perform better than uncoded QPSK when comipare
under fading conditions although the (60,20) coeldgpms
worse under AWGN conditions.



The only possible solution for the flaw in Tornactmles GSM due to its ability to generate an infinite amioof
discussed above is to redesign it for an AWGN clehnn code bits. This makes it possible (in theory) foe teceiver
The layers should be designed using principald 8} [For to use all the retransmitted bits for decoding e/fiile GSM
the second layer an additional refinement is needé@ decoder can only use some of the retransmitted dbits to
second layer should use the first parity layer ahd puncturing). All fountain codes can be decoded gighne
original message bits in its construction. This rapph principals discussed in section Il on noisy chdan€his
should produce a lot more messages during beliebnceptis worth researching further.
propagation and lead to a better code. This apprsaould
be applied to every layer regardless of its depth. VIIl. REFRENCES
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