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Abstract— This paper is an extension of an earlier paper
the authors published, which modelled the probability density
function of the queueing delay of Earliest Deadline First traffic.
In this paper, we introduce a new definition and derive an
expression for the stochastic fairness of real-time traffic classes in
an Earliest Deadline First queueing system. The approximation
favourably compares with corresponding simulation results. The
model has shows that all traffic classes are treated in a similar
fashion, although traffic class 2 experiences slightly better and
class 0 slightly worse treatment than class 1. Furthermore, the
results show that the fairness of EDF can not be bounded
deterministically.

Index Terms— Earliest Deadline First (EDF), stochastic fair-
ness, probability density function (pdf).

I. INTRODUCTION

In order to engineer a future network, analytical models are
required that predict the behaviour of the various networking
components. An exact analysis, as offered by conventional
queueing theory, cannot be used to model modern networks
carrying heterogeneous traffic, as these networks are generally
too complicated. Approximations such as large deviation prin-
ciples and the effective bandwidth theory offer a simple yet
accurate way to mathematically model the network metrics
of interest. In this paper we build on the results of [1],
where we found an analytical expression for the probability
density function of the queueing time that packets in an
Earliest Deadline First (EDF) queue experience. We derive a
mathematical expression that is able to predict the stochastic
fairness distribution of traffic classes in an EDF queue.

Section II introduces the analytical model. A brief overview
of the EDF multiplexor is given, followed by a new fairness
definition for real-time traffic in Section III.

In Section IV the fairness distribution is derived from the
queueing delay probability density function that was found
in [1]. Section V-A gives a brief overview of the system
parameters used to generate both the analytical and simulation
results. Finally, in Section V-B the analytical and simulation
results are discussed.

This work was partially sponsored by Alcatel and Telkom SA Ltd as part
of the Centre of Excellence Programme.

II. SYSTEM MODEL

Imagine that the various sources in a network produce
data packets of J different classes. Examples of such data
types are voice, stored video, video-conference, e-mail, ftp,
and http packets. Each of these has different delay, jitter
(variation in delay), throughput, bit-error-rate and packet-loss-
rate requirements. Only when a network is able to meet all the
requirements of all the data classes, can it claim to provide
quality-of-service (QoS).

The Earliest Deadline First (EDF) scheduler [2] is one of
the simplest multiplexing algorithms, especially well suited
for real-time traffic, as it is able to adhere to the delay
deadlines that these traffic classes require. Voice and video
are examples of real-time traffic, as opposed to best-effort
traffic, which includes e-mail, ftp and http. As a packet of
data class j is created, it is assigned a corresponding delay
deadline dj , which represents the amount of time that packets
of data type j can afford to queue at each switching node
they pass through. When packet pj of data type j arrives at
a node at time Tj , it will be time-stamped with a queueing
time deadline of Tj + dj , by when the packet will have to be
served. At scheduling interval τ (when the previously chosen
packet has completed transmission), the EDF scheduler picks
the packet from the queue, which has the closest deadline:
minj(Tj + dj − τ).

Adopting the system model of [3], imagine that K sources
produce J different data types, with corresponding upper
delay bounds of d1, d2, . . . , dJ , where d1 ≤ d2 ≤ . . . ≤ dJ .
Let kj be the number of sources that produce class j data.
C is the link rate at which a chosen packet will be served,
while L is the packet size, which we assume to be constant.
The amount of work of class j that source i produces in the
time interval [0, t] is represented by Aji[0, t].

III. STOCHASTIC FAIRNESS DEFINITION

One of the first researchers to define fairness mathemati-
cally was Golestani. In [4], he defines a perfectly fair system
to have the quality

wk(t1, t2) = wj(t1, t2), k, j ∈ B(t1, t2). (1)



Here B(t1, t2) is the set of sessions that are backlogged
during the interval (t1, t2), while

wj(t1, t2) =
Wk(t1, t2)

rk
k ∈ K, (2)

where K is the set of sessions set up on a link. Wk(t1, t2)
are the number of bits of session k transmitted during (0, t),
while rk represents the service share allocated to session k.

Effectively, what this means is that in a perfectly fair server,
the amount of service a session receives normalised by its
share of the available bandwidth, should be the same for all
backlogged sessions. In reality, no packetised implementation
of a fluid system can achieve this goal. Stiliadis in [5] and
[6] therefore replaced his equivalent version of the perfect
fairness definition

max
∣∣∣∣WS

a (τ, t)
ra

− WS
b (τ, t)
rb

∣∣∣∣ = 0 for all a and b, (3)

with a more realistic version

max
∣∣∣∣WS

a (τ, t)
ra

− WS
b (τ, t)
rb

∣∣∣∣ ≤ FS for all a and b.

(4)
The bound FS is an upper bound and indicates how fair a
scheduler is.

Stiliadis’ definition is based on the assumption that the
various traffic classes have been promised a throughput guar-
antee. This is a good system for best-effort traffic. For real-
time traffic, the biggest concern is the delay that packets
experience while travelling through the network. A different
fairness definition is needed which takes delay deadlines into
consideration, instead of throughput guarantees. Furthermore,
the definition proposed by Stiliadis is deterministic — the
fairness value FS may never be exceeded. The problem with
a definition of this kind is that extremely large fairness values
might be possible, but with very low probability. This means
that FS might be situated very far away from the mean
fairness value and therefore does not captured the common
behaviour of the scheduler. In some cases, the fairness might
not be bounded at all, which means that FS cannot be found.

A stochastic fairness bound, on the other hand, guarantees
that the fairness value of class a will not exceed the bound Fa

with a probability more than δ [7]. We therefore propose the
following expression as a suitable definition for the fairness
of real-time class-a traffic:

Prob

{∣∣∣∣Da

da
− Db

db

∣∣∣∣ > Fa(δ)
}

≤ δ, for all b, (5)

where Da is the delay that a packet of class a with delay
deadline da experienced, while δ is the maximum probability
that the fairness limit F may be exceeded by.

In practice the stochastic fairness Fa(δ) of Type a traffic
can be found by rewriting (5) in integral form∫ ∞

Fa(δ)

f|Da
da

−Db
db

|(t) dt = δ. (6)

Once this expression is found, we would like to plot the
fairness Fa(δ) for varying values of δ.

IV. DERIVATION OF THE STOCHASTIC FAIRNESS

EXPRESSION

In this paper we extend the work that we presented in [1],
where we showed that the probability density function of the
queueing time that a packet pi belonging to class i traffic can
expect in an EDF queue is suitably approximated by

fi(t) =

(
δC − (eδ − 1)

hi(t)∑
j=1

kjλj

)

· exp

[
−δCt + (eδ − 1)

hi(t)∑
j=1

kjλjt

+ (eδ − 1)
J∑

j=hi(t)+1

kjλj(di − dj)

]
.

(7)

where hi(t) ≤ i represents the traffic classes, which might
have packets arriving that should be served before packet
pi, but which only arrive once packet pi has already been
transmitted at time t. This can be summarised by{

di − dj ≥ t, j ∈ [1, hi(t)]
di − dj < t, j ∈ [hi(t) + 1, J ].

(8)

In order to find an expression for the stochastic fairness of
real-time traffic as given by 6, we need to find the probability
density function (pdf) distribution

f|Da
da

−Db
db

|(t). (9)

The pdf fDa
da

(t) is given by

fDa
da

(t) = |da| · fDa(dat). (10)

The delay deadline da belonging to class a traffic is
always positive, so that |da| = da. The pdf fDa

da

(t) therefore
translates to

fDa
da

(t) = da

(
δC − (eδ − 1)

ha(dat)∑
j=1

kaλa

)

· exp

[
−δCdat +

(
(eδ − 1) ·

ha(dat)∑
j=1

kjλjdat

)

+

(
(eδ − 1) ·

J∑
j=ha(dat)+1

kjλj(da − dj)

)]
(11)

where once again{
da − dj ≥ t, j ∈ [1, ha(t)]
da − dj < t, j ∈ [ha(t) + 1, J ].

(12)
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��✒
Packet pa has already been served

daτ + dat✲pa−2

⇒ da − du < da(τ + t)

⇒ da − du ≥ da(τ + t)

Fig. 1. Timeline for packet pa.

The next step is to find fDa
da

−Db
db

(t). Assuming that Da

da

and Db

db
are independent, this can be obtained through the

convolution integral,

fDa
da

−Db
db

(t) =

dadb · exp(−δCdat) ·
∫ ∞

−∞

(
δC − (eδ − 1) ·

ha(dat+daτ)∑
j=1

kjλj

)

·
(
δC − (eδ − 1) ·

hb(dbτ)∑
j=1

kjλj

)
· exp

[
−δC(da + db)τ

+ (eδ − 1)

{
ha(dat+daτ)∑

j=1

kjλjda(t + τ) +
J∑

j=ha(dat+daτ)+1

kjλj(da − dj)

+
hb(dbτ)∑

j=1

kjλjdbτ +
J∑

j=hb(dbτ)+1

kjλj(db − dj)

}]
dτ,

(13)

Fig. 1 can be consulted to show that the boundary events
ha(dat+daτ) and hb(dbτ) in the above equation are correct.
These can be rewritten as




da − dj ≥ dat + daτ, j ∈ [1, ha(n)]
da − dj < dat + daτ, j ∈ [ha(n) + 1, J ]

db − dj ≥ dbτ, j ∈ [1, hb(n)]
db − dj < dbτ, j ∈ [hb(n) + 1, J ]

(14)

Using this information,

fDa
da

−Db
db

(t) = dadb · exp(−δCdat)

·
a+b∑
n=1

∫ τn

τn−1
τ0=0

(
δC − (eδ − 1)

ha(n)∑
j=1

kjλj

)

·
(
δC − (eδ − 1)

hb(n)∑
j=1

kjλj

)
· exp

[
−δC(da + db)τ

+ (eδ − 1)

{
ha(n)∑
j=1

kjλjda(t + τ) +
J∑

j=ha(n)+1

kjλj(da − dj)

+
hb(n)∑
j=1

kjλjdbτ +
J∑

j=hb(n)+1

kjλj(db − dj)

}]
dτ,

(15)

In order to find the fairness pdf of class-a traffic with
respect to all other traffic types, we need to find the average:

fDa
da

−Db
db

(t) =
1

J − 1

J∑
b=1
n �=a

{
dadb · exp(−δCdat) ·

a+b∑
n=1(

δC − (eδ − 1)
∑ha(n)

j=1 kjλj

)
·
(
δC − (eδ − 1)

∑hb(n)
j=1 kjλj

)
−δC(da + db) + (eδ − 1)

{∑ha(n)
j=1 kjλjda+

∑hb(n)
j=1 kjλjdb

}

·

exp

[
−δC(da + db)τn + (eδ − 1)

{
ha(n)∑
j=1

kjλjda(t + τn)

+
J∑

j=ha(n)+1

kjλj(da − dj) +
hb(n)∑
j=1

kjλjdbτn +
J∑

j=hb(n)+1

kjλj(db − dj)

}]

− exp

[
−δC(da + db)τn−1

τ0=0
+ (eδ − 1)

·
{

ha(n)∑
j=1

kjλjda(t + τn−1
τ0=0

) +
J∑

j=ha(n)+1

kjλj(da − dj)

+
hb(n)∑
j=1

kjλjdbτn−1
τ0=0

+
J∑

j=hb(n)+1

kjλj(db − dj)

}]





∣∣∣∣∣∣
t≥0

(16)

To find f|Da
da

−Db
db

|(t) we map the function from the negative

domain into the positive domain, with symmetry around the y-
axis. The problem is that the above expression is only defined
for t ≥ 0. In terms of actual measurements performed in a
simulation, it only represents values of Da

da
−Db

db
, where Da

da
≥

Db

db
. In order to find values of Da

da
− Db

db
, where Da

da
< Db

db
, we

need to look at fDb
db

−Da
Da

(t)
∣∣∣∣
t≥0

and plot this into the negative



domain. The result is

f|Da
da

−Db
db

|(t) = fDa
da

−Db
db

(t) + fDb
db

−Da
da

(t)
∣∣∣∣
t≥0, for every b

(17)
Equation (18) represents the complete fairness pdf:

f|Da
da

−Db
db

|(t) =
1

J − 1

J∑
b=1
n �=a

{
dadb ·

a+b∑
n=1(

δC − (eδ − 1)
∑ha(n)

j=1 kjλj

)
·
(
δC − (eδ − 1)

∑hb(n)
j=1 kjλj

)
−δC(da + db) + (eδ − 1)

{∑ha(n)
j=1 kjλjda+

∑hb(n)
j=1 kjλjdb

}

·
(

exp

[
−δCdat− δC(da + db)τn + (eδ − 1)

·
{

ha(n)∑
j=1

kjλjda(t + τn) +
J∑

j=ha(n)+1

kjλj(da − dj)

+
hb(n)∑
j=1

kjλjdbτn +
J∑

j=hb(n)+1

kjλj(db − dj)

}]

− exp

[
−δC(da + db)τn−1

τ0=0
+(eδ − 1)

{
ha(n)∑
j=1

kjλjda(t + τn−1
τ0=0

)

+
J∑

j=ha(n)+1

kjλj(da − dj)+
hb(n)∑
j=1

kjλjdbτn−1
τ0=0

+
J∑

j=hb(n)+1

kjλj(db − dj)

}]

+ exp

[
−δCdbt− δC(db + da)τn + (eδ − 1)

·
{

hb(n)∑
j=1

kjλjdb(t + τn) +
J∑

j=hb(n)+1

kjλj(db − dj)

+
ha(n)∑
j=1

kjλjdbτn +
J∑

j=ha(n)+1

kjλj(da − dj)

}]

− exp

[
−δC(db + da)τn−1

τ0=0
+ (eδ − 1)

·
{

hb(n)∑
j=1

kjλjdb(t + τn−1
τ0=0

) +
J∑

j=hb(n)+1

kjλj(db − dj)

+
ha(n)∑
j=1

kjλjdaτn−1
τ0=0

+
J∑

j=ha(n)+1

kjλj(da − dj)

}]





∣∣∣∣∣∣
t≥0

.

(18)

To find an expression for the stochastic fairness bound of
EDF traffic, we could now substitute (18) into (6), which for
the sake of convenience has been represented here∫ ∞

Fa(δ)

f|Da
da

−Db
db

|(t) dt = δ. (19)

The result is unfortunately a non-linear equation, which is
difficult to solve analytically for varying values of δ. Instead
we solve it numerically.

V. RESULTS

A. Simulation Model

In order to verify the precision of the derived analytical
expressions, we created a custom-made simulation package
using Borland C++. The analytical expressions were evaluated
in MATLAB. The parameters used for the simulation model
and analytical expressions were conveniently kept the same
as in [1] and [3], as this work is based on these papers. The
parameters are summarised in Table I.

TABLE I

SYSTEM PARAMETERS

Type of traffic di (ms) ki ρi (Mbps)
T0 — Audio 6 200 0.064
T1 — Video conference 10 82 0.5
T2 — Stored video 14 15 3

where
di = delay deadline
ki = number of independent sources
ρi = mean rate of Poisson sources
C = link capacity = 100Mbps
L = packet size = 10Kb

Buffer Capacity = ∞
Serving Interval = 10µs

The simulation model used resulted in a load of 98.8%. The
simulation was run for 24 hours of network time. As the serv-
ing interval is 10µs, this corresponds to 8.64×109 scheduling
intervals. During this time interval 100,000 samples were
taken at regular intervals to produce the fairness distribution
plots.

B. Comparison of Analytical and Simulation Results

In Fig. 2, the first 3 diagrams contain the pdf distributions
of fDa

da
−Db

db

(t) for the 3 traffic classes, the second 3 diagrams

contain the pdf distributions of f|Da
da

−Db
db

|(t), while the last

3 diagrams contain the actual stochastic fairness bound dis-
tributions for varying values of δ, the maximum probability
with which the fairness bound Fa may be exceeded.

If we compare the fairness of the various traffic classes in
Figs 2(g), 2(h), and 2(i) we find that as we approach the
deterministic case of δ = 0, the fairness bound increases
dramatically. As Figs. 2(a)–2(c) indicate, the fairness pdf
actually falls off exponentially. A deterministic fairness bound
therefore does not exist.

Referring once again to Figs. 2(g)–2(i), for 99.9% of the
time, at a value of δ = 0.001, both the simulation and
analytical curves indicate that the traffic classes 0, 1 and
2 respectively experience fairness bounds of approximately



4.1, 3.8, and 3.6. In this case traffic class 2 experiences
slightly better fairness treatment, while traffic class 0 is treated
the least fair. On the other extreme, for 95% of the time,
represented by δ = 0.05, the fairness curves of classes 0–
2 lie at values around 1.3, 1.2, and 1.1, respectively. Once
again, EDF treats class 2 the fairest, followed by class 1 and
finally class 0.

VI. CONCLUSION

In this paper we proposed a new stochastic fairness defini-
tion suitable for real-time traffic. We used the queueing delay
probability density function derived in [1] to find the fairness
behaviour of real-time traffic classes in an EDF queueing
system. The result is a model that is able to adequately
approximate the stochastic fairness behaviour of an EDF
queueing system. This model has showed us that all traffic
classes are treated in a similar fashion, although traffic class 2
experiences slightly better and class 0 slightly worse treatment
than class 1. Furthermore, we noted that the fairness of EDF
can not be bounded deterministically.

REFERENCES

[1] S. M. Scriba and F. Takawira, “An approximate statistical modeling of
the sojourn time of the earliest deadline first scheduler,” Accepted for
publication by the IEEE International Conference on Telecommunica-
tions (ICT2005), May 2005.

[2] M. Andrews, “Probabilistic end-to-end delay bounds for earliest dead-
line first scheduling,” Proc. IEEE Infocom 2000, pp. 603–612, 2000.

[3] V. Sivaraman and F. M. Chiussi, “Statistical analysis of delay bound
violations at an earliest deadline first (EDF) scheduler,” Performance
Evaluation, vol. 36-37, no. 1-4, pp. 457–470, 1999.

[4] S. Golestani, “A self-clocked fair queueing scheme for broadband
applications,” Proceedings of INFOCOM ’94, pp. 636–646, 1994.

[5] D. Stiliadis and A. Varma, “Latency-rate servers: a general model for
analysis of traffic scheduling algorithms,” IEEE/ACM Transactions on
Networking, vol. 6, no. 5, pp. 611–624, 1998.

[6] D. Stiliadis and A. Varma, “Frame-based fair queueing: A new traffic
scheduling algorithm for packet-switched networks,” Tech. Rep. UCSC-
CRL-95-39, 1995.

[7] Y. Liu, S. Gruhl, and E. W. Knightly, “WCFQ: An opportunistic
wireless scheduler with statistical fairness bounds,” IEEE Transactions
on Wireless Communications, vol. 2, no. 5, pp. 1017–1028, September
2003.

[8] V. Sivaraman, End-to-end delay service in high speed packet networks
using Earliest Deadline First scheduling. PhD thesis, University of
California, Los Angeles, 2000.

[9] C. Courcoubetis and R. Weber, “Buffer overflow asymptotics for a
buffer handling many traffic sources,” Journal of Applied Probability,
vol. 33, 1996.

[10] C. Courcoubetis, V. A. Siris, and G. D. Stamoulis, “Application of
the many sources asymptotic and effective bandwidths for traffic
engineering,” Telecommunications Systems, pp. 167–191, Dec. 1999.

[11] G. Kesidis, J. Walrand, and C.-S. Chang, “Effective bandwidths for
multiclass markov fluids and other ATM sources,” IEEE Transactions
on Networking, vol. 1, no. 4, pp. 424–428, August 1993.

[12] P. Rabinovitch, “Statistical estimation of effective bandwidth,” Master’s
thesis, Carleton University, April 2000.

[13] D. Abendroth and U. Killat, “Effective bandwidth shaping: a framework
for resource dimensioning,” in ICON2003, the 11th IEEE International
Conference on Networks 2003, pp. 361–366, Oct. 2003.

[14] S. M. Scriba and F. Takawira, “Packet violation probability analysis of
the earliest deadline first scheduler,” South African Telecommunication
Networks and Applications Conference 2004 (SATNAC2004), Septem-
ber 2004.

Stefan M. Scriba completed his BScEng degree in
December 2000 in the School of Electrical, Elec-
tronic and Computer Engineering at the University
of Natal, Durban, South Africa. He completed his
MScEng degree at the beginning of 2003 and is cur-
rently working on his PhD, researching scheduling
theory for both wired and wireless networks in the
Radio Access Technology Research Centre at the
University of KwaZulu-Natal, South Africa.

Professor Fambirai Takawira is head of the
School of Electrical, Electronic and Computer En-
gineering at the University of KwaZulu-Natal. He
completed his BScElecEng in Manchester and was
awarded a PhD at Cambridge. His research interests
are in the general areas of adaptive signal process-
ing, digital communications and data networks.



−5 0 5
10

−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

D
a
/d

a
 − D

b
/d

b

P
ro

ba
bi

lit
y

Analysis
Simulation

(a) f Da
da

− Db
db

(t) for Type 0 traffic

−5 0 5
10

−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

D
a
/d

a
 − D

b
/d

b

P
ro

ba
bi

lit
y

Analysis
Simulation

(b) f Da
da

− Db
db

(t) for Type 1 traffic

−5 0 5
10

−8

10
−6

10
−4

10
−2

10
0

10
2

D
a
/d

a
 − D

b
/d

b

P
ro

ba
bi

lit
y

Analysis
Simulation

(c) f Da
da

− Db
db

(t) for Type 2 traffic

0 1 2 3 4 5
10

−4

10
−3

10
−2

10
−1

10
0

10
1

|D
a
/d

a
 − D

b
/d

b
|

P
ro

ba
bi

lit
y

Analysis
Simulation

(d) f| Da
da

− Db
db

|(t) for Type 0 traffic

0 1 2 3 4 5
10

−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

|D
a
/d

a
 − D

b
/d

b
|

P
ro

ba
bi

lit
y

Analysis
Simulation

(e) f| Da
da

− Db
db

|(t) for Type 1 traffic

0 1 2 3 4 5
10

−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

|D
a
/d

a
 − D

b
/d

b
|

P
ro

ba
bi

lit
y

Analysis
Simulation

(f) f| Da
da

− Db
db

|(t) for Type 2 traffic

0 0.01 0.02 0.03 0.04 0.05
1

1.5

2

2.5

3

3.5

4

δ

F
ai

rn
es

s 
F

a

Analysis
Simulation

(g) Type 0 statistical fairness distribution

0 0.01 0.02 0.03 0.04 0.05
1

1.5

2

2.5

3

3.5

4

δ

F
ai

rn
es

s 
F

a

Analysis
Simulation

(h) Type 1 statistical fairness distribution

0 0.01 0.02 0.03 0.04 0.05
1

1.5

2

2.5

3

3.5

4

δ

F
ai

rn
es

s 
F

a

Analysis
Simulation

(i) Type 2 statistical fairness distribution

Fig. 2. Normalised fairness curves


