
  

  
Abstract—Modern high-rate wireless OFDM systems use 

dedicated pilot subcarriers to obtain regular estimates of the 
channel frequency response and perform equalisation followed 
by coherent detection on other (data) subcarriers. Boosting 
power of the pilot subcarriers relative to the data subcarriers 
can increase channel estimation accuracy. However due to the 
overall transmit signal power constraint, dictated by energy 
conservation and restricted service zone radius, it will 
inevitably lead to degradation of performance of the equaliser-
detector couple being a result of the receiver noise level growth 
on the data subcarriers. In this article we derive an analytical 
expression for the optimal pilot-to-data power ratio (PDR) 
providing maximum signal-to-noise power ratio (SNR) at the 
output of the equaliser and hence improving BER 
performance. We also examine effects of the optimal and 
suboptimal minimum mean squared error (MMSE) channel 
estimator design and their impact on PDR selection.  
 

Index Terms—minimum mean squared error, peak-to-
average power ratio, pilot-to-data power ratio 
 

I. INTRODUCTION 

Orthogonal frequency division multiplexing (OFDM) 
technology has become increasingly popular in recent years 
because of its efficiency in reducing the severe effects of 
frequency-selective fading. Increased transmission rates in 
OFDM are achieved due to the use of spectrally efficient 
quadrature amplitude modulation (QAM). However 
coherent demodulation of the QAM signals requires 
knowledge or an accurate estimate of the channel frequency 
response (CFR), in order to minimise the probability of 
detection error [1]. CFR estimates can be obtained using 
pilot-symbol assisted modulation (PSAM) where training 
data is transmitted on certain subcarriers within the OFDM 
band allowing for CFR measurements with subsequent 
interpolation onto other subcarriers.  

Performance of several frequency-domain interpolators 
(e.g., linear, trigonometric function based, etc.) is evaluated 
analytically in [2] for channels with different frequency 
selectivity characteristics. [3] and [4] propose to use 
polynomial regression models to approximate CFR in the 
time and frequency domain. Estimators utilising either 
statistical or deterministic channel model assumptions are 
considered to be more robust in comparison with the 
polynomial interpolation techniques. A frequency-domain 
linear minimum MSE (LMMSE) CFR estimator has been 
introduced in [5] with low-rank approximation to reduce 
complexity. In [6] the two-dimensional optimal MMSE 
estimator is derived using the separation property of the 

time-frequency channel correlation function. An alternative 
to frequency-domain processing is the so-called DFT-
methods in which the CFR is transformed into the channel 
impulse response (CIR) and estimation benefits from the 
suggested finite CIR length peculiar to multipath channels 
by filtering out noise in CIR tail part. Least squares (LS) [7], 
maximum likelihood [8], [9] and LMMSE [7], [11] schemes 
have been proposed and found to outperform frequency-
domain algorithms [7], [8] while being of lesser complexity 
[10], [11]. 

In the conditions of the transmitted power constraint, 
dictated by energy conservation and restricted service zone 
radius, questions about optimal PSAM scheme arise 
essentially. One cannot achieve higher signal-to-noise 
power ratio (SNR) on the pilot subcarriers at the receiver 
input without sacrificing SNR on the data subcarriers. This 
trade-off stipulates existence of the optimal pilot structure 
generally depending on the channel estimation and data 
detection method. In [12] the optimal pilot subcarrier 
placement and number have been derived using a lower 
bound on the average ergodic capacity of the channel as an 
optimisation criterion. Alternatively, authors of [13] searched 
analytically for these parameters, as well as for the optimal 
pilot-to-data power ratio (PDR) to minimise the symbol 
error rate in the M-PSK modulated OFDM system with 
receiving diversity.  

In this article we derive optimal PDR for the QAM 
modulated OFDM system with MMSE channel estimation 
(both ideal and mismatched) and the standard one-tap 
equalisation. The rest of the work is organised as follows. 
Section II contains a general OFDM system description. 
Section III outlines the design of the channel estimator. 
Section IV contains the derivation of the SNR at the 
equaliser output and its maximisation to yield the optimum 
PDR. Section V discusses theoretical and simulation results. 
A conclusion in Section VI finalises the paper. 

II. OFDM SYSTEM MODEL 

In this work a single-input-single-output discrete-time 
baseband OFDM model is considered. It includes 
transmitter, receiver and equivalent discrete-time band-
limited channel model. The transmitter and the receiver are 
assumed to have ideal timing and frequency 
synchronisation. 

In the transmitter, a serial random binary stream is 
divided into parallel binary streams, each of which passes 
through the MQAM modulation scheme. The OFDM 
symbol is formed as the result of an IDFT, applied to N 
parallel (P training and PN −  data) complex-valued 
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modulation subsymbols 1,...,0, −= NnX n . The resultant 
waveform is converted to a serial sequence of samples. 
Before transmission each OFDM symbol is prepended with 
a cyclic prefix (CP), which is a copy of the last portion of 
the OFDM symbol.  

In the considered scenario the channel is assumed to be 
slowly time-varying, i.e. CFR is approximately constant 
during one OFDM symbol, so there is no loss of 
orthogonality between subcarriers. As reported in [9], this 
assumption holds if duration of the processing block, i.e. 
OFDM symbol without CP is 

D/01.0 fT ≤ ,  (1) 

where cvff /cD =  is the maximum Doppler frequency, fc is 
the RF carrier frequency, v is the speed of relative 
movement between the transmitter and the receiver, and c is 
the speed of light.  

With the time-invariant channel response assumption, CP 
length Ncp can be made large enough to accommodate a 
finite CIR 1,...,0, −= Lmhm , where the maximum 

sample-normalised excess delay cp1 NL ≤− . Thus, the 

intersymbol interference (ISI) between consecutive OFDM 
symbols will be eliminated.  

In this paper, to reflect the CIR process we adopt the 
bandlimited filter model with a strict response energy 
enclosure within the first L taps with the tap-gains described 
by the vector [ ]T

10 )()()( ihihi L−= �h , where i denotes 
the serial index of the OFDM symbol. )(ih  is linked to the 
commonly used block quasi-static approximation of the 
wide-sense stationary uncorrelated scattering (WSSUS) K-
path response model [6] 
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according to the formula 
)()( ii a�h = ,  (3) 

where k is the path index, kτ  is the path delay, path gains 

[ ]T
10 )()()( iaiai K −= �a  represent zero-mean complex 

Gaussian variables produced by lowpass-filtered 
independent stochastic processes, and the elements of the 
band-limiting matrix �  are given as 
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hereafter we will consider the average CIR energy to be 
unity normalised, i.e. [ ] 1)()(E H =ii hh . 

At the receiver side, after removing the CP and applying 
DFT to the ith OFDM symbol we get a vector of the 
received subsymbols: 

[ ] )()()()()()( ]D[
T

10 iiiiYiYi N WHXY +== −� ,  (4) 

where [ ])(diag)(]D[ ii XX =  denotes a diagonal matrix with 

the data and pilot subsymbols )(iX n , 10 −≤≤ Nn ; 

[ ]T
10 )()()( iHiHi N −= �H  is the CFR vector; and 

[ ]T
10 )()()( iWiWi N −= �W  are the DFT-transformed 

white Gaussian noise (WGN) variables. 
Before the parallel subset of the received data subsymbols 

)(d iY
l

, ]1;0[ −−∈ PNl , can be demodulated, it is 

necessary to correct signal distortions caused by passing 
through the channel. As OFDM systems work by resolving 
the frequency domain, a simple block-oriented one-tap 
equaliser can be used: 
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where )(ˆ
d iH

l
 denotes the CFR estimate on the 

corresponding data subcarrier obtained using the pilot 
subsymbols )(p iX

k
, ]1;0[ −∈ Pk .  

Substitution of (4) in (5) yields 
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where )(ˆ)()( ddd iHiHiV
lll

−=  denotes the CFR estimation 

error, whereas )(d i�
l

 represents a cumulative noise term at 

the post-equalisation stage. 

III. MMSE CHANNEL ESTIMATION 

We denote the received subsymbols at the pilot positions 
as 

[ ]T
pp]D[]D[ 10 −
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P
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pppppp WHCXWHXY ,  (7) 

where ( )pp XX diag]D[ =  contains reference values of P 

equipowered pilot subsymbols, and C is the NP × -size 

selection matrix with the elements 
�
�
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=
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that is needed to extract samples of the CFR 
[ ]T

10 −= NHH �H  corresponding to the pilot 

subcarriers indexed kp , 10 −≤≤ Pk . (Hereafter OFDM 
symbol index i is omitted for brevity, as the processing is 
done on a symbol-by-symbol basis, without considering 
correlation with the neighbouring symbols.) 

Pilot-aided MMSE estimator is given by the equation [11]:  

[ ] pp
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where HHR~  is the assumed CFR correlation matrix, which 

should be equal to the true CFR correlation matrix HHR  to 

yield the MMSE; and 2
w

2
pp σσ=SNR  is the signal-to-noise 

power ratio observed at the equipowered pilot subcarriers, 
with 2

pσ  and 2
wσ  being equal to the pilot power and the 

noise variance respectively. Given constant noise variance, 
2
wσ , across all subcarriers in the OFDM spectrum, it is easy 

to show that pSNR  is related to the SNR observed at the 

receiver input according to the following equation: 
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where 2
d

2
p σσκ =  represents the average pilot-to-data 

power ratio. Here the average power per MQAM-modulated 
data subcarrier, 2

dσ , is proportional to the peak modulation 

power within the MQAM constellation, 2
max,dσ , namely 

PAR2
max,d

2
d σσ =  with the inverse of the proportionality 



  

coefficient (also known as the peak-to-average power ratio) 
being equal for the rectangular-type MQAM constellations 
to 

( )
12
123

22/
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b

PAR ,  (10) 

where b denotes the number of bits carried by one  
modulation symbol ( bM 2= ). For example, for 4QAM 
(QPSK) with 2=b  1=PAR , for 16QAM with 4=b  

5/9=PAR , for 64QAM with 6=b  3/7=PAR , etc. 

IV. PDR OPTIMISATION 

Prior to the derivation of the optimal PDR, one has to 
take into account other pilot-related parameters and their 
recommended settings. These parameters are discussed in 
Subsection A.  

Subsection B addresses the impact of the imperfect 
channel estimator design on MSE and establishes a robust 
formulation of the SNR maximisation problem. 

A. Optimal Pilot Arrangement 
It has been found in the previous research [12][13] that the 

pilot subcarriers should be equally spaced within the OFDM 
spectrum to achieve optimal system performance with 
regard to channel estimation. This condition is satisfied 
when PN  is equal to an integer, then indices of pilot 
subcarriers in (7) are given as 

�
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νPNkpn
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where 10 −≤≤ PNν  

If PN  is not an integer, one can use a suboptimal 
uniform pilot placement proposed in [13]. Such a scheme 
was found to perform almost as well as the equispaced one 
due to the small CFR interpolation error. 

Another important parameter is the number of pilot 
subcarriers P. It is obvious that P should be as small as 
possible to reduce transmission redundancy. In [12] the 
minimum possible value of LP =  was found to be optimal 
from the ergodic capacity standpoint. Our previous work 
[10], [11] also demonstrated that doubling the number of 
pilots in comparison with the anticipated CIR length value 
( LP = ) results only in a small channel estimation accuracy 
improvement. On the contrary, varying PDR was found to 
have a much more substantial influence on the system 
performance. 

B. Derivation of the Channel Estimation MSE 
To assess the effect of PDR on the channel estimation 

accuracy, and hence system performance, one has to 
consider several possible cases of the MMSE estimator 
design. We begin with derivation of the general MSE 
formula and then consider three special design scenarios.  

As the optimal system is assumed to have equispaced 
pilots (see Subsection A), MSE expression is the same for 
all subcarriers in the OFDM spectrum and found [11] to be 
equal to  
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where PSNRp=ρ , hhR  is the true CIR correlation matrix, 

and hhR~  denotes the CIR correlation matrix used for the 

estimator design in (8). For the purpose of derivations hhR~  

was assumed to be invertible, i.e. full rank. pSNR  in (12) is 

assumed to be known.  
The CIR correlation matrices, hhR  and hhR~ , in (12) and 

the CFR correlation matrices, HHR  and HHR~ , in (8) are 
related as  

HHFBRBFR hhHH = ,  (13) 
HH~~ FBRBFR hhHH = ,  (14) 

where F is the NN × -size Fourier matrix with elements 

)2jexp(, NnmF nm π−=  and  [ ]T
)( LNLLL −××= 0IB  is the 

LN × -size padding matrix. 
Note that the formula (12) represents a complicated 

dependence of the MSE on pSNR , which is in turn a 

monotonically increasing function of PDR (9). To 
understand the impact of PDR selection on the MSE 
performance, we need to consider the three practical 
approaches towards the MMSE estimator design, namely 

hhR~  choice. 
1) Ideal (Matched) Estimator Design 

We first derive the MSE for the optimal design case when 

hhhh RR =~
, i.e. the CIR correlation is either known or 

accurately estimated at the OFDM receiver. In this 
particular scenario the estimator efficiently achieves MMSE 
at its output given by the following reduction of (12):  
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where mλ , ]1;0[ −∈ Lm  are the eigenvalues of hhR . Note 
that in contrast to (12) the latter expression form in (15) 
allows for 0=mλ , i.e. the case when hhR  is not of the full 
rank. Channels characterised by such a correlation matrix 
are known as sparse due to the presence of only limited 
number (< L) of the independent multipath components.   

It is important to note that the MMSE function (15) with 
respect to the mλ  value distribution and subject to the 

energy-normalising condition, 1
1

0

=�
−

=

L

m
mλ , reaches a unique 

maximum of )/1/(1max LMMSE ρ+=  at Lm /1=λ  for all 
]1;0[ −∈ Lm . It could be interpreted as if there were L 

independent identically distributed multipath components. 
If, however, one or several eigenvalues are close to zero, 
then MMSE tends to decrease towards the smallest value of 

)1/(1min ρ+=MMSE  corresponding to only one path 
underlying the CIR (flat fading channel). Note also that at 
the higher operational pSNR  values the MMSE difference 



  

between various mλ  distributions becomes smaller due to 

domination of the ρ factor in (15). 
2) Half-matched Estimator Design 

An optimal MMSE estimator design is complex due to 
the necessity to invert a CIR or CFR correlation matrix that 
has to be accurately estimated itself. In one of our previous 
works [14] a simplified suboptimal scheme has been 
proposed for the sample-spaced multipath channels that 
treats the CIR samples as if they were independent random 
Gaussian variables. Hence hhR~  is constructed to be 

diagonal and therefore easily invertible. hhR~  entries 
represent the measured power-delay profile (PDP) samples. 
For the simplicity of analysis we assume ideally determined 

PDP, i.e. 
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Then (12) is reduced to 
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In analogy with the MMSE function (15), taking into 

account CIR energy normalisation 1
1

0

=�
−

=

L

m
mr , one can find 

the upper and lower bounds as )/1/(1maxHM LMSE ρ+=  

and )1/(1minHM ρ+=MSE .  
In most practical scenarios of the generally non-sample-

spaced channels (both dense and sparse) 0>mr  for all 
]1;0[ −∈ Lm , due to the sinc-interpolation of the multipath 

components (3) yielding the bandlimited CIR with mutually 
correlated samples. Thus, for a random propagation 
environment HMMSE  (16) would take a value closer to the 

upper bound, maxmaxHM MMSEMSE = , with much higher 
probability than MMSE (15) corresponding to the optimal 
estimator design. In a special case of the sample-spaced 
multipaths (e.g., peculiar to the ultra-wideband systems) the 
diagonal-form estimator (16) becomes optimal, i.e. 

MMSEMSE =HM , greatly improving performance over the 
sparse channels. 

3) Mismatched Estimator Design 
Finally let us consider the estimator design that does not 

require any correlation knowledge. In a number of research 
works [5], [6] it has been reported that the uniform PDP 
design assuming all CIR components to be independently 
identically distributed yields MSE performance equal to the 
upper bound maxMMSE  for any kind of the channel 
response and is called robust. We confirm this result by 
setting IR hh

1~ −= L  and calculating estimation MSE for an 

arbitrary CIR correlation described by hhR  in (12):  
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If the normalisation condition, 1
1

0

=�
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m
mλ , is satisfied, then 

)/1/(1maxM LMMSEMSE ρ+== , i.e. estimation MSE is 
indeed independent of the power distribution within the 

actual CIR. It is interesting to note that maxM MMSEMSE ≤  
only if the average CIR energy does not exceed unity given 
the design matrix IR hh

1~ −= L . This circumstance is 
important to account for in case of the imperfect received 
signal power gain at the input of the channel estimator. 
Under-amplification is recommended rather than the over-
amplification.  

Summarising MSE performance for all the three design 
cases one has to note the upper MSE bound ( maxMMSE ) as 
a monotonically decreasing function of PDR to be a 
quantity of interest for the optimal PDR search. Indeed 

maxMMSE  reflects the variance of the channel estimation 
error both for the optimal estimator design when all CIR 
samples are mutually independent (the most performance-
challenging scenario) and for the design accommodating 
arbitrary CIR correlation (the robust operation mode). 

C. Equaliser SNR Maximisation 
The instantaneous SNR at the output of the equaliser is 

expressed from (6) as 
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where )(d iX
l

, )(d iV
l

 and )(d iW
l

, as well as )(d iX
l

 and 

)(ˆ
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l
 are mutually independent random variables as the 

channel estimation algorithm uses a subset of the pilot 
subcarriers that is distinct from the data subcarriers.  

An obvious criterion to maximise could be the average 

SNR at the equaliser output 
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the numerator follows from the definition of the MMSE 
algorithm, according to which the estimation error is 
orthogonal to the estimate. 
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represents the average SNR observed at the data subcarriers 
and is related to the SNR observed at the receiver input 
according to the expression:  
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Analysis of the γ  function (19) reveals the existence of a 
global maximum with respect to PDR explained as follows. 

dSNR  and 2
vσ  have been previously defined as 

monotonically decreasing functions of PDR. Therefore γ , 

as an increasing function of dSNR , decreases with PDR 
enlargement, whereas exhibits growth as a descending 
function of 2

vσ . Obviously it is of practical interest to 
ensure an optimal PDR selection for the worst-case 
scenario, i.e. when 2

vσ  takes the largest value of maxMMSE  
yielding minimum of γ . Thus, one can meet the 
requirements of the robust operational mode for the 
receiver. Furthermore, as will be seen from the numerical 
examples, although for the sparse channels and optimal 
MMSE estimator design optimisation of γ  letting 

max
2
v MMSE=σ  results in an over-determined PDR 

solution, the SNR at the equaliser’s output is still kept close 
to the maximum due to the near-flat functional region 
around the optimal PDR point.  

We derive the optimal PDR by searching for a maximum 
of γ  through the differentiation procedure with respect to 
κ  and solving the resultant quadratic equation: 
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Substituting )(max ρ+= LLMMSE  and (20) in (21), we 
obtain  
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Subsequently solving 0=∂∂ κγ  results in  
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Depending on the SNR magnitude ( ∞<< SNR0 ) 
optimal PDR (23) takes a value in the interval 

PPNLPPN )()( opt −<<− κ . 

V. NUMERICAL RESULTS 

The PSAM-based OFDM system under practical 
consideration has 64 subcarriers. 16 of them are allocated 
for the pilot signals. Subcarriers transmitting uncoded data 
are modulated by the Gray-mapped 16QAM. CP length is 
chosen to be equal to 16 samples.  

The channel is modelled as quasi-static with no 
correlation between the neighbouring OFDM symbol 
transmissions. PDP of the multipath response vector )(ia  is 
selected to be highly sparse (with only two non-zero paths) 
and uniform, i.e. [ ] 22

H 21)()(E ×= Iaa ii . The rms delay 

spread of the CIR is equal to NT2.3rms =τ  that 
corresponds to the 6.4-sample long delay between the 

multipath components. The CIR energy is strictly 
constrained within the CP length (16 samples) and any outer 
leakage due to the bandlimiting is truncated. 

The operational 0b NE  range is varied from 5 to 30dB. 
The design of the channel estimator is made assuming SNR 
at the receiver input to be known. We also consider both 
optimal MMSE estimator design ( hhhh RR =~

) and robust 

design ( 1616161
~

×= IR hh ). 
Fig. 1 illustrates the theoretical dependence of the optimal 

PDR (23) on the number of pilot subcarriers. Here we 
consider only the optimal system design case when it is 
anticipated that LP =  (see Section IVA). 

 

 
Fig. 1. Theoretical PDR dependence on the number of pilot subcarriers 

(equispaced pilot modes are denoted by +’s) 
 

It follows from Fig. 1 that increase in the pilot number 
allows for PDR lowering. For the weakly dispersive 
channels (described by small L) a few boosted pilot 
subcarriers are sufficient. It is important to note that the 
optimal PDR setting is almost invariant in respect to SNR at 
the receiver input for most of the operational SNR range. 
Furthermore the dependence on SNR disappears for more 
dispersive channels. 

To assess conformity of the criterion (19) to yield an 
optimal PDR, we measure actual SNR (γ) at the equaliser 
output in the simulated system. The results are shown in 
Fig. 2 in the equaliser-output-to-receiver-input normalised 
form. In case of the robust channel estimator design SNR 
maximum region surrounds the optimal PDR calculated 
analytically (23). It has also been found that the operational 
SNR has no substantial influence on the optimal PDR 
choice leading to only a minor shift within the flat 
performance region. Hence lower operational SNR bound 
has to be taken into account as it guarantees PDR to lie in 
the closest-to-maximum performance region for higher 
SNRs.  

Knowledge of the CIR correlation underlying optimal 
MMSE estimator design could potentially yield a more 
precise setting for the pilot power. As can be seen from Fig. 
2 MSE reduction in case of the optimally estimated sparse 
CIRs allows for the data subcarrier power to be increased 
with respect to the pilot power and hence improves 
detection performance by up to 2.5dB in comparison with 
the robust mode. However this observation is true only for 
the selected channel model. For other channels with less 
sparsity optimal PDR will be closer or equal to the optimal 



  

PDR calculated for the robust mode.  
 

 

 
Fig. 2. SNR gain of the equaliser output in respect to the receiver input 

 
Finally, BER results for a variety of PDR settings are 

presented in Fig. 3. The following PDRs have been tested:  
- equal power allocation between pilot and data subsymbols 
(PDR = 1); 
- optimum PDR determined for dB50b =NE  (PDR = 
1.79); 
- pilot power equal to the minimum 16QAM power (PDR = 
0.2); 
- pilot power equal to the doubled maximum 16QAM power 
(PDR = 3.6). 

Note that specifically in our case the optimum pilot power 
is nearly equal to the maximum 16QAM power 2

maxσ , i.e. 

PAR≈optκ  (10). In general, however, it is not true (Fig. 1). 
 

 
Fig. 3. BER performance for various PDR settings 

 
Simulation results (Fig. 3) confirm that the optimal PDR 

maximises BER performance in case of the robust estimator 
design irrespective of SNR at the receiver input. 
Nevertheless one can see that considerable overdetermining 
of PDR still results in performance close to the optimal PDR 
choice. In contrast to the robust mode, for the optimal 
MMSE estimator design performance is found to be closer 
to the case with perfect channel state information (CSI) at 
the receiver. Here equal power allocation leads to slightly 
better BER than PDR calculated according to (23) as PDR = 

1 is closer to the actual optimum. However the difference is 
quite small and for other channel responses, as well as for 
the inaccurately estimated noise variance an optimal value 
approaches (23). 

VI. CONCLUSION 

In this paper, the optimum pilot-to-data power ratio has 
been derived for the OFDM systems with robust MMSE 
channel estimation. It has been found that optimal PDR 
setting is almost insensitive to the receiver input SNR and is 
tolerable to the overdetermining. 
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